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with Time-Like Jet Calculus beyond Leading Order
Tetsuya Sugiura∗)
Department of Physics, Rikkyo University, Tokyo 171-8501, Japan
Abstract
Three-body decay functions in time-like parton branching are calculated using the
jet calculus to the next-to-leading logarithmic (NLL) order in perturbative quantum
chromodynamics (QCD). The phase space contributions from each of the ladder dia-
grams and interference diagrams are presented. We correct part of the results for the
three-body decay functions calculated previously by two groups. Employing our new
results, the properties of the three-body decay functions in the regions of soft partons
are examined numerically. Furthermore, we examine the contribution of the three-body
decay functions modified by the restriction resulting from the kinematical boundary of
the phase space for two-body decay in the parton shower model. This restriction leads
to some problems for the parton shower model. For this reason, we propose a new
restriction introduced by the kinematical boundary of the phase space for two-body
decay.
∗) E-mail: sugiura@fmr.rikkyo.ne.jp
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§1. Introduction
The next generation of linear colliders (NLC), such as the Japan linear collider (JLC) 1)
and the super conducting electron positron linear collider (TESLA) 2) will be running in the
near future. The energies of these accelerators will be in the TeV region. Many multijets
will be produced in this energy region. In order to analyze the experimental data for such
multijet events, parton shower models based on perturbative QCD will be useful. To this
time, many parton shower models limited to the contribution of the leading logarithmic (LL)
order have been constructed. 3)
With the purpose of constructing a parton shower model including the contribution
of the next-to-leading logarithmic order, three-body decay functions have been calculated
previously by two groups. 4), 5) Using these results, NLLJET has been constructed, and it
has been used to analyze experimental data, such as that from SLAC-PEP, TRISTAN and
LEP1. 6)
At present, only two groups have calculated the three-body decay functions. Since some
discrepancies have been found in the results reported in Refs. 4) and 5), the results for the
three-body decay functions must be verified.
The three-body decay functions in the parton shower model have been modified with
respect to the manner in which the effect of the one soft gluon is absorbed into the kinematical
boundary in the phase space of the two-body decay. 4), 9) This modification corresponds to
the angular ordering of the three-body decay functions.
We expect that many soft partons will be produced in the TeV energy region. In order
to decrease the systematic error involved in the data analyses of multijet events, the effects
of the soft partons should be included in the parton shower model. For example, there is
the double soft gluon limit. Theoretical studies of the soft parton for the three-body decay
functions are necessary to improve the parton shower model, such as NLLJET.
In this paper, we employ the method of Ref. 7) to construct the kinematics of three-body
decay functions in time-like branching. The contributions of the three-body decay functions
for the soft partons are then examined using the results so obtained.
The organization of the paper is as follows. In the next section, we construct the phase
volume element. The details of the kinematics are given in Appendix A. In §3, the calculated
results are presented. We find that part of the results obtained in this paper do not agree
with those obtained previously by two groups. In §4, the properties of the calculated three-
body decay functions are examined. In §5, we give some comments on the angular ordering.
In the final section, we give a summary of our conclusions.
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§2. Kinematics for the calculation
In this section, the kinematics used to calculate the three-body decay functions are
presented. The three-body decay functions are determined from the time-like jet calculus
on the basis of the QCD factorization theorem. 4), 5), 10) To begin with, the factorization is
introduced following Ref. 10). In the light-cone gauge, collinear singularities appear from
the on-shell partons (parton internal lines) between two-particle irreducible (2PI) kernels,
and they are factorized using the projection operator.
We use A and B to represent the 2PI kernels that are connected by gluon internal lines
or quark internal lines. The amplitude squared C is defined as
C = Aµ′ν′B
µ′ν′ (2.1)
for gluon internal lines and
C = Tr[AB] (2.2)
for quark internal lines, where µ′ and ν ′ are Lorentz indices. The projection operators to
extract the collinear singularities are obtained from the general formulas of the 2PI kernels. 10)
We use q to represent momenta on the internal lines that correspond to the on-shell partons.
Inserting the projection operator P (G)(q) for gluon internal lines into Eq. (2·1), we have
P (G)(q)C =
[
Aµ′ν′d
µ′ν′(q)
]
q2=0
[
(−gµν)B
µν
2
]
, (2.3)
where µ and ν are Lorentz indices, the factor 1/2 is the average over gluon helicities, and
dµ
′ν′(q) is given by
dµ
′ν′(q) = −gµ
′ν′ + (nµ
′
qν
′
+ qµ
′
nν
′
)/(nq).
Here n is a light-like vector that specifies the light-cone gauge. Similarly, inserting the
projection operator P (Q)(q) for quark internal lines into Eq. (2·2), we have
P (Q)(q)C = Tr
[
Aαα′/q
αα′
]
q2=0
1
4qn
Tr
[
/nββ
′
Bββ′
]
, (2.4)
where α, β, α′ and β ′ are the spinor indices. Hence, using Eqs. (2·3) and (2·4), the projection
operators are given by
3
P (Q)(q) =
/n
4qn
(2.5)
and
P (G)(q) = −
gµν
2
. (2.6)
The second factors on the right-hand sides of Eqs. (2·3) and (2·4) include the collinear
singularities.
The diagrams contributing to the corrections at order α2s in the light-cone gauge are
displayed in Fig. 1.
In the jet calculus, 5) the minimum mass scale M20 is used as the resolution that distin-
guishes one jet from two jets in the connected line for the ladder diagram. For instance, M20
can be applied to the lines labeled “j” and “k” in Fig. 1. The three-body decay function
arises from the contribution above M20 . Also, the contribution below M
2
0 is absorbed into
the two-body decay. 5)
(A) (B)
(C)
q q
q
i i
i
j
k
k k
j
j
+cyclic +cyclic
+cyclic
Fig. 1. The diagrams contributing to the corrections at α2s order in the light-cone gauge.
The labels i, j and k represent the momenta of the partons. (A) Type [L]: Ladder di-
agrams with two identical time-like propagators. Here, L(1)∝1/t223, L
(2)∝1/t213, L
(3)∝1/t212.
(B) Type [I]: Interference diagrams with two different time-like propagators. Here,
I(1)∝1/t12t23, I
(2)∝1/t12t13, I
(3)∝1/t13t23. (C) Four-gluon interaction for pure gluon decays.
In this paper, we calculate the three-body decay functions for the following processes:
Process(G1)
g(q)→g(l1) + g(l2) + g(l3),
4
Process(Q1)
q(q)→g(l1) + g(l2) + q(l3),
Process(G2)
g(q)→q(l1) + g(l2) + q¯(l3),
Process(Q2)
q(q)→q(l1) + q(l2) + q¯(l3).
Here, the momentum of the mother parton with time-like virtuality is denoted by q. The
momenta of the three daughter partons on the mass shell are denoted by l1, l2 and l3. The
kinematics for the variables are determined as q2 = t and l21 = l
2
2 = l
2
3=0.
Here, the invariants are defined as
tij = (li + lj)
2, (i6=j) (2.7)
t12 + t13 + t23 = t. (2.8)
The collinear contribution of the branching vertex at α2s order extracted by the projection
operator is defined as
V = g4
∫
dΓP (i)M
1
t2
, (2.9)
where g is the QCD coupling constant, M is the squared matrix element, and P (i) [where
i=Q (quark) or G (gluon)] is the projection operator that is given by Eqs. (2·5) and (2·6).
Also here, dΓ is the three-body phase space volume element, which is given by
dΓ = (2π)4δ(4)(q − l1 − l2 − l3)
1
(2π)3
d3l1
2l10
1
(2π)3
d3l2
2l20
1
(2π)3
d3l3
2l30
. (2.10)
The Sudakov variable for the final state parton is defined as
li = αin+ βin¯ + liT , (n
2 = n¯2 = nliT = n¯liT = 0) (2.11)
where n¯ is a vector, liT is the transverse momentum, and
αi =
~l 2iT
2βin¯n
. (2.12)
5
The Sudakov variable for the parton with virtuality t is also given by
q = αqn + βqn¯+ qT , (2.13)
where qT is the transverse momentum and we set qT = 0, αq = βq = 1.
Using Eqs. (2·11) and (2·13), the momentum fraction zi is defined by
zi =
lin
qn
=
lin
nn¯
= βi. (2.14)
From the Sudakov variables and the momentum fractions, the phase space volume element
can be written
dΓ =
1
(2π)6
δ(q − li − lj − lk)
dzi
2zi
dzj
2zj
d2~liTd
2~ljTd
4lkδ(l
2
k), (2.15)
with (i, j, k) = (1, 2, 3) or (1,3,2). This phase space volume element can be written in terms
of dΓ˜ , which is defined as
dΓ˜ = d2~liTd
2~ljT δ(l
2
k), (2.16)
with (i, j, k) = (1, 2, 3) or (1,3,2). Employing Eq. (2·16), we find that dΓ takes the form
dΓ =
1
(8π2)2
1
4π2X
δ(1− z1 − z2 − z3)dz1dz2dz3dΓ˜ , (2.17)
where X = zizj and (i, j) = (1, 2) or (1,3).
From Eq. (2·17), the branching vertex function is given by
V =
(
αs
2π
)2
δ(1− z1 − z2 − z3)dz1dz2dz3J
dt
t
, (2.18)
where αs = g
2/4π, and
J =
1
4π2X
dΓ˜P (i)M
t
t2
. (2.19)
The quantity J is called the “decay function.” It consists of a single logarithmic term and
a double logarithmic term, due to the collinear singularity. The contribution of the double
6
logarithmic term should be subtracted from that of the three-body decay function to avoid
double counting. 4), 5), 10) In order to determine the distribution for δ(1−z1−z2−z3)dz1dz2dz3
in Eq. (2·18), we integrate over the phase space with volume element dΓ˜ .
We now briefly explain the calculation of the squared matrix element P (i)M . We used
REDUCE ∗) to calculate this squared matrix element. Replacing the inner product of the
momenta in P (i)M by the momentum fractions and the invariants, P (i)M can be calculated.
[See Eqs. (A·6) and (A·23) in Appendix A.]
Integrating P (i)M over the azimuthal angle, it can be verified that there are no terms
proportional to t2 in the numerator of P (i)M . [See Eq. (A·11) in Appendix A.] The ladder
diagrams cannot have terms that are more singular than logarithmic order. Furthermore, the
condition that the interference diagram has no mass singularity was confirmed. We examined
whether or not the terms proportional to the invariants in the numerator of P (i)M satisfy
the condition of having no mass singularity. [See Eq. (A·32) in Appendix A.] The details of
the calculations are presented in Appendix A.
§3. Calculated results
Here the calculated results for the decay functions in the light-cone gauge are presented.
The ladder diagrams include the terms L
(k)
L , which are the convolutions of the Altarelli-Parisi
splitting functions. 11) Each type of calculated decay function is represented as
J [L
(k)] =
∫ t
M0
2
L
(k)
L
dtij
tij
+ L
(k)
L log yk + L
(k)
N , (3.1)
J [I
(k)] = I
(k)
L log
yiyj
zk
+ I
(k)
N , (i, j, k = 1, 2, 3, i6=j 6=k) (3.2)
where yi = 1 − zi (i = 1, 2, 3) and O(M
2
0 /t) terms are ignored. M0 is the minimum mass
scale of the phase space integration.
Integrating over tij for Type [L] and summing over all contributions from J
[L(1)] to J [I
(3)],
we obtain 7)
I(3)∑
i=L(1)
J [i] = VLL log
t
M20
+ VNLL, (3.3)
where
VLL = L
(1)
L + L
(2)
L + L
(3)
L (3.4)
∗) REDUCE was developed by A. Hearn.
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and
VNLL = VL + VN , (3.5)
with
VL =
3∑
i=1
L
(i)
L logyi +
3∑
j,k,l=1
I
(j)
L log
ykyl
zj
, (j 6=k 6=l) (3.6)
VN =
3∑
i=1
L
(i)
N +
3∑
j=1
I
(j)
N . (3.7)
The terms VLL and VNLL in Eq. (3·3) are the contributions to LL order and NLL order at
order α2s, respectively. The term VNLL, called the three-body decay function, is constructed
from the logarithmic term VL and the non-logarithmic term VN .
The three-body decay functions are calculated in Refs. 4) and 5). We compare the results
given there with the new results reported in this paper. The results for Processes (G1) and
(Q2) in this paper are consistent with the calculated results in Refs. 4) and 5). While the
results for Process (Q1) obtained in Refs. 4) and 5) are quite different, our result agrees with
that in Ref. 4). The results, excluding the logarithmic terms for I(1) and I(3), for Process
(G2) obtained in this paper are consistent with those in both Refs. 4) and 5).
Using the notation defined in §2 and 3, the results for the logarithmic terms of the
interference diagrams I(1) and I(3) for Process (G2) are presented. The results used in
NLLJET 4) are
I
(1)
L log
y2y3
z1
+ I
(3)
L log
y1y2
z3
= −CATR
[
z21 + z
2
3
z2
−
z21 + z
2
3 + 1
y2
+ 1− z1 + z3
]
log
y2y3
z3
− CATR
[
z21 + z
2
3
z2
−
z21 + z
2
3 + 1
y2
+ 1 + z1 − z3
]
log
y1y2
z1
. (3.8)
For comparison, the results given in Ref. 5) are
I
(1)
L log
y2y3
z1
+ I
(3)
L log
y1y2
z3
= −CATR
[
z21 + z
2
3
z2
−
z21 + z
2
3 + 1
y2
+ 1 + z1 − z3
]
log
y2y3
z1
− CATR
[
z21 + z
2
3
z2
−
z21 + z
2
3 + 1
y2
+ 1− z1 + z3
]
log
y1y2
z3
. (3.9)
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The new results obtained in this paper are the following: ∗), 8)
I
(1)
L log
y2y3
z1
+ I
(3)
L log
y1y2
z3
= −CATR
[
z21 + z
2
3
z2
−
z21 + z
2
3 + 1
y2
+ 1−
z1 − z3
y2
]
log
y2y3
z1
− CATR
[
z21 + z
2
3
z2
−
z21 + z
2
3 + 1
y2
+ 1 +
z1 − z3
y2
]
log
y1y2
z3
. (3.10)
-0.2
-10-1
0
10-1
0.2
0.3
10-4 10-3 10-2 10-1 1
R
Z2 
Eq.(3.8)
Eq.(3.9)
Eq.(3.10)
Fig. 2. The z2 dependence of R described by Eq. (3·11) at z3 = 10
−1 for Process (G2). The
symbols correspond to the different numerators for R corresponding to Eqs. (3·8)–(3·10).
We next examine the numerical results for the calculated three-body decay functions
given in Refs. 4) and 5) and the new results of this paper. We define the ratio R as
R =
I
(1)
L log
y2y3
z1
+ I
(3)
L log
y1y2
z3
VLL
. (3.11)
Equations (3·8)–(3·10) are inserted into the numerator in Eq. (3·11). As shown in Fig. 2,
the numerical result for Eq. (3·10) differs significantly from the results given in Refs. 4) and
5) in the region [z2≥10
−2] for z3 = 10
−1.
§4. Numerical results
In order to investigate the properties of the three-body decay functions in the soft re-
gions, some numerical quantities are examined. These properties are useful to construct and
∗) As discussed in Ref. 7), using the results given in Ref. 8), only Eq. (3·10) satisfies the relation of the
crossing symmetry between the time-like branching process and the space-like branching process.
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improve the parton shower model.
We define the following ratios:
R1 =
VNLL
VLL
, (4.1)
R2 =
VL
VLL
, (4.2)
R3 =
VN
VL
. (4.3)
If the absolute value of R1 is large, the contribution of the NLL order becomes important,
because the contribution of the term VNLL is large relative to that of the term VLL at α
2
s
order. If R1≃R2, the dominant contribution of VNLL is the logarithmic term VL. The ratio
of the contribution of the logarithmic term VL to that of the non-logarithmic term VN is
represented by R3.
4.1. z2 dependences of R1 and R2
In this subsection, we focus on the relation between the contributions of the logarithmic
term VL and the non-logarithmic term VN . In Figs. 3–5, the gluon momentum fraction z2
dependences of R1 and R2 are presented at z3 = 0.5, 10
−1, 10−2, 10−3. Here, R1 and R2 are
depicted by the solid curves and the crosses, respectively.
First, we examine the z2 dependences of R1 and R2 for Process (G1), in which a gluon
decays into three gluons. In Fig. 3, R1≃R2 in most of region depicted. The absolute values
of R1 and R2 in the double soft gluon region [z2≃z3≃y1/2≪1] are small relative to those in
the other region.
The numerical result for Process (Q1), in which a quark decays into one quark and two
gluons, is shown in Fig. 4. Here, R1≃R2, except in the region of the small quark momentum
fraction z3 and the hard gluon momentum fraction z2 (soft quark region). The contribution of
the non-logarithmic term VN is important in the soft quark region. As the quark momentum
fraction z3 is hard and the gluon momentum fraction z2 is small (soft gluon region), the
absolute values of R1 and R2 are large. In addition, the absolute values of R1 and R2 in the
soft quark region are small.
The numerical result for Process (G2), in which a gluon decays into one quark, one
anti-quark and one gluon, is presented in Fig. 5. In Process (G2), R1≃R2 in the strong
ordering region [z2≪z3≪z1]. As the anti-quark momentum fraction z3 is soft and the gluon
10
-3.5
-3
-2.5
-2
-1.5
-1
-0.5
10-4 10-3 10-2 10-1 1
R
1
,R
2
Z2 
Z3=0.5
Z3=10
-1
Z3=10
-2
Z3=10
-3
Fig. 3. The z2 dependences of the ratios R1 and R2 for Process (G1). The solid curves and the
crosses denote R1 and R2. The symbols ✷, ∗, × and + correspond to the values 10
−3, 10−2,
10−1, 0.5 for z3.
momentum fraction z2 is hard (soft anti-quark region), the absolute value of R1 is large
relative to that of R2. Thus, the contribution of the non-logarithmic term gives an important
contribution to the soft anti-quark region.
In the following subsections, we examine the properties of the three-body decay functions
in each of the R1≃R2 regions and the soft fermion (quark or anti-quark) regions.
-5
-4.5
-4
-3.5
-3
-2.5
-2
-1.5
-1
-0.5
0
10-4 10-3 10-2 10-1 1
R
1
,R
2
Z2 
Z3=0.5
Z3=10
-1
Z3=10
-2
Z3=10
-3
Fig. 4. The z2 dependences of the ratios R1 and R2 for Process (Q1). The solid curves and the
crosses denote R1 and R2. The symbols ✷, ∗, × and + correspond to the values 10
−3, 10−2,
10−1, 0.5 for z3.
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R
1
,R
2
Z2 
Z3=0.5
Z3=10
-1
Z3=10
-2
Z3=10
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Fig. 5. The z2 dependences of the ratios R1 and R2 for Process (G2). The solid curves and the
crosses denote R1 and R2. The symbols ✷, ∗, × and + correspond to the values 10
−3, 10−2,
10−1, 0.5 for z3.
4.2. Cancellation of the non-logarithmic term
As in Ref. 7), we examine the cancellations of the non-logarithmic terms VN in detail.
Figures 6–8 confirm the structure of the cancellations of the non-logarithmic terms VN in
the region in which R1≃R2. For each process, the structure of the cancellation of the non-
logarithmic term VN is different. For these processes we have the following relations:
Process (G1)
(
I
(1)
N + I
(2)
N + I
(3)
N
)
≃
(
L
(1)
N + L
(2)
N + L
(3)
N
)
, (4.4)
Process (Q1)
(
I
(1)
N + I
(2)
N
)
≃
(
L
(1)
N + L
(2)
N + L
(3)
N + I
(3)
N
)
, (4.5)
Process (G2)
(
I
(1)
N + I
(3)
N
)
≃
(
L
(1)
N + L
(2)
N + L
(3)
N + I
(2)
N
)
. (4.6)
In the case of Process (G1), Eq. (4·4) implies that the contributions for the non-
logarithmic terms of the interference diagrams are canceled by those of the ladder diagrams.
Equations (4·5) and (4·6) imply that the contributions of the three ladder diagrams and one
interference diagram for Processes (Q1) and (G2) cancel those of the non-logarithmic terms
for the interference diagrams.
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L(3)N/VLL
(L(1)N+L(2)N)/VLL
(I(1)N+I(2)N)/VLL
I(3)N/VLL
VN/VLL
Fig. 6. The z2 dependences of non-logarithmic terms for Process (G1) at z3 = 10
−1. The notation
(LN , etc.) is defined by Eq. (3·7) in the text. Here, z2=10
−4–0.9.
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L(3)N/VLL
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I(3)N/VLL
VN/VLL
Fig. 7. The z2 dependences of non-logarithmic terms for Process (Q1) at z3 = 10
−1. The notation
(LN , etc.) is defined by Eq. (3·7) in the text. Here, z2=10
−4–0.9.
4.3. Soft fermion [quark–anti-quark] region
As mentioned above, we showed that the dominant contribution of VNLL is the logarithmic
term VL, except in the soft quark region for Process (Q1) and the soft anti-quark region for
Process (G2). First, we examine the soft quark limit for Process (Q1). In Fig. 9, there are
some peaks of the ratio R3 present in the soft quark region [z3≤10
−4]. In order to understand
the meaning of the peaks in Fig. 9, we examine the structures of the logarithmic terms VL
in the soft quark region in detail.
In Fig. 10, the contribution of the logarithmic term VL for the soft quark region crosses
13
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Fig. 8. The z2 dependences of non-logarithmic terms for Process (G2) at z3 = 10
−1. The notation
(LN , etc.) is defined by Eq. (3·7) in the text. Here,z2=10
−4-0.9.
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Fig. 9. The z2 dependence of the ratio R3 with z3 = 10
−4, 10−5 and 10−6 for Process (Q1). Here,
z2=0.05–0.8.
zero at some points. As the quark momentum fraction z3 is small, the contribution of the
logarithmic term crosses zero in the small z2 region.
Next, we show how the logarithmic term VL crosses zero. The momentum fractions in
the soft quark region are given by
y3≃1, y1≃z2, y2≃z1. (4.7)
From Eq. (4·7), the logarithmic term VL can be approximated as
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Fig. 10. The z2 dependence of VL for Process (Q1) with z3 = 10
−4, 10−5 and 10−6. Here, z2=0.05–
0.8.
VL≃L
(1)
L logz2 + L
(2)
L logz1 + I
(3)
L log
z1z2
z3
, (4.8)
with
L
(1)
L ≃C
2
F
1 + z22
z2y2
, L
(2)
L ≃C
2
F
1 + y22
z2y2
(4.9)
and
I
(3)
L ≃− 2CF
(
CF −
1
2
CA
) 1
z2y2
. (4.10)
Using Eqs. (4·9) and (4·10), the dominant singular term in Eq. (4·8) can be given as
VL≃
C2F
z2y2
log
z23
z1z2
+
CFCA
z2y2
log
z1z2
z3
. (4.11)
In Fig. 11, since the contributions for these two terms cancel, the logarithmic term VL
crosses zero. The first term and the second term in Eq. (4·11) arise from the ladder diagrams
and the interference diagram, respectively.
As seen from Fig. 12, the peaks of the ratios R3 for Process (G2) appear near z2 = 0.6.
As for Process (Q1), it is expected that the contributions of the logarithmic terms are small
in this region.
15
-50
-40
-30
-20
-10
0
10
20
30
40
50
10-1
Z2 
L(3)
L(1)
L(2)
I(1)
I(2)
I(3)
VL
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Fig. 12. The z2 dependence of the ratio R3 for Process (G2) with z3 = 10
−3, 10−4, 10−5 and 10−6.
Here, z2=0.05–0.8.
In Fig. 13, because the sign of the numerical value of the logarithmic term for the ladder
diagram L(2) of Process (G2) is opposite to that of the sum of the logarithmic terms for the
interference diagrams I(1) and I(3), the contribution of the logarithmic term VL is small. It
is easy to derive this structure analytically. The logarithmic term VL in Eq. (4·8), taking
account of the limit z2→1 and the relation z3≪z2, is given by
VL≃L
(2)
L logy2 + I
(3)
L log
y2
z3
, (4.12)
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with
L
(2)
L ≃
2CATR
y22
I
(3)
L ≃CATR
[
2z2 − 1
z2y2
]
. (4.13)
In Eq. (4·13), the contribution of the logarithmic term for the interference diagram I(3) is
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Fig. 13. The z2 dependences of the logarithmic terms for the ladder diagrams L
(k) and the inter-
ference diagrams I(k) for Process (G2) with z3 = 10
−5. The logarithmic terms for L(k), etc, are
given by Eq. (3·6). Here, z2=10
−1–0.8.
positive for z2>0.5, which agrees with the behavior depicted in Fig. 13.
In the next section, using the results obtained in this section, we discuss how to treat
the contributions of the three-body decay functions in the parton shower model.
§5. Comments on the angular ordering
5.1. Angular ordering for the soft gluon region
Before the modifications of the three-body decay functions in the parton shower model
are discussed, we fit the approximated forms to the numerical results in order to check the
results obtained in §4. In the region of the soft gluon momentum fraction z2, the momentum
fractions are given by
y1≃z3, y2≃1, y3≃z1. (5.1)
By use of Eq. (5·1), the logarithmic term VL is approximated by
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VL≃L
(1)
L logz3 + L
(3)
L logz1 + I
(2)
L log
z1z3
z2
, (5.2)
with
L
(1)
L ≃L
(3)
L ≃− I
(2)
L ≃4C
2
AK(z1)
1
z2
(5.3)
for Process (G1),
L
(1)
L ≃2C
2
FP (y1)
1
z2
, L
(3)
L ≃− I
(2)
L ≃2CFCAP (y1)
1
z2
(5.4)
for Process (Q1), and
L
(1)
L ≃L
(3)
L ≃2CFTRH(z1)
1
z2
,−I
(2)
L ≃4TR
(
CF −
1
2
CA
)
H(z1)
1
z2
(5.5)
for Process (G2), where P (z) = (1 + z2)/(1 − z), K(z) = 1/z + 1/(1 − z) − 2 + z(1 − z)
and H(z) = z2 + (1 − z)2 are Altarelli-Parisi splitting functions. 11) The contributions to
Eqs. (5·3)–(5·5) agree with the solid curves R1 in Figs. 2–4. Also, since the contributions of
the non-logarithmic terms VN in the one soft gluon regions are small relative to those of the
logarithmic terms VL (Figs. 2–4), we ignore the contributions of the non-logarithmic terms
VN .
Equations (5·1)–(5·4) offer a physical interpretation of the contributions of the three-body
decay functions for the parton shower model. The singular factor log z/z of the three-body
decay function in the one soft gluon limit comes from the contribution of the interference di-
agram. This contribution due to the interference diagram causes the perturbative expansion
to break down. In addition, as shown in Figs. 3 and 4, the contributions of the three-body
decay functions are negative for small z2 for Processes (G1) and (Q1). Since the parton
shower model generates momentum fractions of the branching partons by decay functions,
the contributions of the decay functions are required to be positive. In order to avoid these
difficulties, it is necessary for the singular term to be absorbed into the kinematical boundary
of the phase space for the two-body decay by the angular ordering. 4), 9)
We expect that many soft gluons will be produced in the TeV energy region. There
should exist the situation that the momentum fractions of the two gluons are soft. For
this reason, we examine the relation between the double soft gluon limit and the angular
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ordering reported in Ref. 4). We obtain momentum fractions for the double soft gluon limit
that satisfy the following:
z1≃z2≃
y3
2
, z3≃1. (5.6)
As shown in Figs. 3 and 4, R1≃R2 in the double soft gluon region. The dominant contribu-
tion of VNLL in this region is the logarithmic term VL. It yields
VL≃L
(3)
L logy3. (5.7)
Therefore, we calculate the L
(3)
L term in the double soft gluon limit for Process (G1) and
(Q1). We find
L
(3)
L ≃9C
2
A
1
y23
(5.8)
for Process(G1) and
L
(3)
L ≃
9
2
CFCAP (z3)
1
y3
(5.9)
for Process(Q1). The angular ordering in the double soft limit reported in Ref. 4) satisfies
these approximate formulas for the double soft gluon limit, Eqs. (5·8) and (5·9).
5.2. New restriction introduced by the kinematical boundary in the phase space for Process
(G2)
As shown in Fig. 5, the contribution of the three-body decay function for Process (G2)
is negative in the soft anti-quark region. For Process (G2), both the logarithmic terms
and the non-logarithmic terms for the ladder diagrams were absorbed into the kinematical
boundaries of the phase spaces for the two-body decays to maintain the positivity of the
three-body decay function. 4)
Following Ref. 4), the formulas of the non-logarithmic terms for the ladder diagrams are
written
L
(k)
N = −L
(k)
L + L
′. (5.10)
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Therefore, a part of the non-logarithmic terms can be absorbed into the kinematical bound-
aries of the phase spaces for the two-body decays. By use of Eq. (5·10), we obtain
∫ t
M20
L
(k)
L
(
1−
tij
t
)dtij
tij
+ L
(k)
L log yk + L
′
=
∫ ykt
M20
L
(k)
L
(
1−
tij
tyk
)dtij
tij
+ L′, (5.11)
with (i, j) = (1, 2), (1, 3) or (2,3). The contribution of O(M20/t) is absorbed into the two-
body decay.
We corrected a part of the results for Process (G2) in §3. The logarithmic terms for the
interference diagrams I(1) and I(3) used in NLLJET are replaced by Eq. (3·10). Now, we
need to examine the contribution of the three-body decay function for Process (G2) given
in Ref. 4) modified by Eq. (5·11). It is given by
Wqgq¯ =
VNLL −
3∑
i=1
[
L
(i)
L log yi + L
(i)
N (CV )
]
VLL
, (5.12a)
with
3∑
i=1
L
(i)
N (CV ) = −CFTRH(y1)P
(z3
y1
) 1
y1
− CFTRH(y3)P
(z1
y3
) 1
y3
−2CATRK(z2)H
(z1
y2
) 1
y2
, (5.12b)
where L
(i)
N (CV ) are the convolutions of the Altarelli-Parisi splitting functions
11) in the non-
logarithmic terms for the ladder diagrams. We call the function in Eq. (5·12a) the modified
three-body decay function. We compare this decay function with the LL term in order to
explore the contribution at the three-body level. Both the first term and the second term in
Eq. (5·12b) differ from the corresponding results in Ref. 4). The results in Ref. 4) are not
the convolutions of the Altarelli-Parisi splitting functions. They are given by
CFTR
[
H(z1)P
(z1
y3
) 1
y3
+H(z3)P
(z3
y1
) 1
y1
]
. (5.13)
Although the numerical difference between Eq. (5·13) and the convolution term in Eq.
(5·12b) is small, we adopt the result Eq. (5·12b).
As shown in Fig. 14, substituting Eq. (3·10) into Eq. (5·12a), the contribution of Eq.
(5·12a) is negative for the anti-quark momentum fraction z3 = 10
−3. Thus, the restriction
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introduced by the kinematical boundary of the phase space for the two-body decay with the
modifications of the non-logarithmic terms for Process (G2) given in Ref. 4) cannot be used
in the region satisfying z3≪z2≪z1 for the parton shower model.
In order to cancel the negativity of the contribution from the modified three-body decay
function [Eq. (5·12a)] in the soft anti-quark region for Process (G2), we should construct
another method. Since the negativity of the modified three-body decay function comes from
the soft anti-quark region, we investigate the dominant term in the soft anti-quark region.
In the soft anti-quark z3 region, the logarithmic term VL is given by Eq. (4·8), and the terms
proportional to each of the logarithmic terms in VL can also be approximated by
L
(1)
L ≃CFTRH(y2)
1
z2
, (5.14)
L
(2)
L ≃2CATR
1
z2y2
, (5.15)
I
(3)
L ≃−CATR
1
z2y2
. (5.16)
From Eqs. (5·15) and (5·16), the logarithmic term proportional to the color factor CATR is
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Fig. 14. The z2 dependences of Eq. (5·12a), taken from Ref. 4) and Eq. (5·12a) using Eq. (3·10)
for Process (G2) with z3 = 10
−3. Here, z2=10
−4–0.9.
given by
2CATR
1
z2y2
log z1 − CATR
1
z2y2
log
z1z2
z3
= 2CATR
1
z2y2
log
(z1z3
z2
)1/2
. (5.17)
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This term Eq. (5·17) can be absorbed into the kinematical boundary of the phase space for
two-body decay as follows:
∫ t
M20
dt13
t13
2CATR
1
z2y2
+ 2CATR
1
z2y2
log
(z1z3
z2
)1/2
=
∫ t( z1z3
z2
)1/2
M20
dt13
t13
2CATR
1
z2y2
. (5.18)
After the absorption of the most singular term for the soft anti-quark region into the phase
space of the two-body decay, the restriction on the phase space reduces to t13 < t(z1z3/z2)
1/2.
In Fig. 15, since the contribution of the logarithmic term is small in the soft anti-quark
region, the positivity of the three-body decay function for Process (G2) cannot be recovered
by the subtraction of the effect of Eq. (5·17). We need other modifications. As explained
below, by the use of Eq. (5·11), the logarithmic terms and the convolution terms of the non-
logarithmic terms for the ladder diagrams L(1) and L(3) can be absorbed into the kinematical
boundaries of the two-body decays.
As explained above, we examine the contribution of the three-body decay function for
the Process (G2) modified by Eqs. (5·11) and (5·18). Here, the ratio Rqgq¯ is defined as
Rqgq¯ =
L
(1)
L log y1 + L
(3)
L log y3 + (L
(1)
N + L
(3)
N )(CV )
VLL
. (5.19)
Using Eq. (5·19), the modified three-body decay function is given as
WNewqgq¯ = R1 − Rqgq¯ −
CATR
(z2y2)VLL
log
(z1z3
z2
)
, (5.20)
where Rqgq¯ is given by Eq. (5·19) and R1 is given by Eq. (4·1). In Fig. 15, the contribution of
Eq. (5·20) is positive for small z3. Equation (5·20) represents the three-body decay function
modified by the new restriction resulting from the kinematical boundary of the phase space
for the two-body decay. The function in Eq. (5·20) can be applied for the region satisfying
z2≥z3. Thus, the new restriction due to the kinematical boundary of the phase space for
the two-body decay can be applied to the region in which the contribution of Eq. (5·12a) is
negative.
5.3. Modified non-logarithmic term for Process (Q1)
As shown in Fig. 4, in case that the gluon momentum fraction is hard in the soft quark
region for Process (Q1), the effect of the soft gluon is small. Also, the contribution of the
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Fig. 15. The z2 dependence of Eq. (5·12a) using Eq. (3·10), that of Eq. (5·20), and that of
contribution of the three-body decay function with Eq. (5·17) subtracted at z3 = 10
−4 for
Process (G2).
non-logarithmic term VN gives an important contribution in the soft quark region. We should
evaluate the contribution of the NLL order for the parton shower model using the corrected
method.
Following the approach used in Ref. 4) and employing Eq. (5·11), we adopt a modi-
fied non-logarithmic term and obtain a positive value in the soft quark region. The non-
logarithmic terms of the ladder diagrams for Process (Q1) are given as follows:
L
(1)
N = C
2
F
[
−P (y1)P
(z3
y1
) 1
y1
+
z3
y21
]
, (5.21)
L
(2)
N = (z1↔z2) in L
(1)
N , (5.22)
L
(3)
N = 2CFCA
[
−P (z3)K
(z1
y3
) 1
y3
+ z3
(z1 − z2)
2
y43
]
. (5.23)
Hence, the convolution terms of the Altarelli-Parisi splitting functions 11) in Eqs. (5·21)–
(5·23) can be absorbed into the kinematical boundaries of the phase spaces of the two-body
decays. 4) The modified three-body decay function is defined as
V sqqGG =
VNLL −
3∑
i=1
L
(i)
N (CV )
VLL
, (5.24a)
where
3∑
i=1
L
(i)
N (CV ) = −C
2
FP (y1)P
(z3
y1
) 1
y1
−C2FP (y2)P
(z3
y2
) 1
y2
−2CFCAP (z3)K
(z1
y3
) 1
y3
. (5.24b)
23
-0.8
-0.6
-0.4
-0.2
0
0.2
0.4
0.6
10-1 1
Z2
(A.16) in Ref.4)
Eq.(5.24a)
Fig. 16. The z2 dependences of Eqs. (5·24a) and (A16a) taken from Ref. 4) with z3 = 10
−1 for
Process (Q1).
As shown in Fig. 16, the contribution of the modified three-body decay function [Eq. (5·24a)]
is positive in the soft quark region. Although the correction of NLL order is larger than that
reported in Ref. 4), the dominant contribution corresponding to the effect of the soft quark
can be subtracted exactly.
§6. Summary
We have calculated three-body decay functions using the time-like jet calculus. Although
most of the results agree with previous results obtained by two groups, some of the calculated
results in this paper are different. The results we found for Processes (G1) and (Q2) agree
with those reported in Refs. 4) and 5). Also, the result for Process (Q1) obtained in this
paper is consistent with that of Ref. 4). However, the results we found for I
(1)
L and I
(3)
L of
Process (G2) are not equivalent to those given in Refs. 4) and 5).
We also studied the properties of the three-body decay functions. First, we examined
the gluon momentum fraction z2 dependences of the ratios R1 and R2. We found that the
contribution of the logarithmic term VL is dominant in most regions, with the exceptions of
the soft quark region for Process (Q1) and the soft anti-quark region for Process (G2).
Using numerical results, we examined the structure of the strong cancellation for the
non-logarithmic term VN . Similarly to the situation considered in Ref. 7), we found that
the contributions of the non-logarithmic terms for the interference diagrams are cancelled
by those for the ladder diagrams and the other interference diagrams.
We also studied the properties of the three-body decay functions in the soft parton
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regions. In the soft quark region for Process (Q1) and the soft anti-quark region for Process
(G2), the contribution of the logarithmic term VL is small, because the contributions of the
ladder diagrams and the interference diagrams cancel.
Because some of our results for the three-body decay functions differ from the results
given in Refs. 4) and 5), the contribution of the modified three-body decay function for
Process (G2) derived in Ref. 4) was examined. We also corrected some of the results for the
convolution terms of the non-logarithmic terms absorbed into the kinematical boundaries
of the two-body decays given in Ref. 4). It was found that using the new results, the
contribution of the modified three-body decay function used in Ref. 4) is negative in some
regions. Therefore, we suggested a new restriction introduced by the kinematical boundary
of the phase space for the two-body decay with modifications of the non-logarithmic terms.
The result of this change is that the contribution of the three-body decay function for Process
(G2) is positive in the region satisfying z3≪z2≪z1.
The contribution of NLL order in the soft quark region for Process (Q1) was examined.
The non-logarithmic term VN corresponding to the dominant contribution in the soft quark
region was subtracted as the effect of the soft gluon in NLLJET. Considering this, we sug-
gested that some of the non-logarithmic terms for the ladder diagrams should be absorbed
into the kinematical boundaries of the two-body decays.
To summarize, we derived new three-body decay functions for time-like branching and
carried out a numerical treatment of the three-body decay functions in the soft parton regions
for the parton shower model. In a future paper, we will present the NLL parton shower model
improved by the new results and the methods presented in this paper.
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Appendix A
Kinematics
In this appendix, we present the details of the calculations for the decay functions of
Types [L1] and [I3]. The calculations for the other types can be obtained by exchanging the
momenta li in Types [L1] and [I3].
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A.1. Calculation of Type [L1] (Ladder diagram)
The combination X = z1z2 is used to determine the decay function for Type [L1]. The
constraint in the δ(l23) function is written
0 = l23 = (q − l1 − l2)
2 = z3t +
(
−
z3
z1y1
)
~l 21T −
y1
z2
~p 22T . (A.1)
Here, ~l2T has been replaced by introducing the new vectors ~p2T and ~l1T according to
~l2T = −
z2
y1
~l1T + ~p2T , (A.2)
with yi = 1− zi (i = 1, 2, 3).
From Eq. (A·1), ~p 22T is given by
~p 22T =
z2z3
y1
(
t−
~l 21T
z1y1
)
. (A.3)
~l 21T is written as the invariant
~l 21T = z1y1t− z1t23. (A.4)
By use of Eq. (A·4), ~p 22T is given by
~p 22T =
z2z3t23
y21
. (A.5)
It is easy to calculate the term P (i)M in Eq. (2·9) using the constraint represented by the
delta function. The general form of the term P (i)M is given by
P
(i)M =
F1t
2 + F2t
2
12 + F3t
2
23 + F4t12t23 + F5tt12 + F6tt23
t223
, (A.6)
where the Fi are functions of the zi. The variable t12 depends on the azimuthal angle φ. The
variable t12 is replaced by Eq. (A·2):
t12 = (l1 + l2)
2 =
(z2
z1
+
z1z2
y21
+
2z2
y1
)
~l 21T +
z1
z2
~p 22T −
2
y1
|~p2T ||~l1T | cosφ.
(A.7)
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Here, the term with dependence on the azimuthal angle in Eq. (A·7) can be isolated. It
follows from Eqs. (A·4) and (A·5) that t12 and t
2
12 in the numerator satisfy
t12 =
z2
y1
t+
z1z3 − z2
y21
t23 −
2
y1
|~p2T ||~l1T | cosφ, (A.8)
t212 =
[z2
y1
t +
z1z3 − z2
y21
t23
]2
+ 4
z1z2z3
y41
(
y1t− t23
)
t23 cos
2 φ. (A.9)
After replacement of the invariant in Eq. (A·6), we obtain
P
(i)M =
G1t
2 +G2t
2
23 +G3tt23 + (G4t
2
23 +G5t23t) cos
2 φ+ (G6t23 +G7t) cosφ
t223
,
(A.10)
where the Gi are functions of the zi. Although G6 and G7, which are proportional to cos φ,
are also functions of ~p2T and ~l1T , they drop out through the azimuthal integration. Since
the mass singularity is of logarithmic order, there is no singularity term of higher than
logarithmic order. Thus, we obtain the condition
G1 = 0. (A.11)
Next, using Eqs. (A·4) and (A·5), the phase space volume element is given by
dΓ˜ =
π
2
z1dt23d~p
2
2Tdφδ(l
2
3). (A.12)
The integration of the δ function is trivial. The kinematical boundary of the integration
over the variable t23 is determined from the conditions ~p
2
2T > 0 and
~l 21T > 0. We obtain
0 < t23 < y1t. (A.13)
Therefore, the formula for the phase space volume element in the jet calculus is given by
dΓ˜ =
z1z2π
2
y1
∫ y1t
M20
dt23
dφ
2π
. (A.14)
We integrate the term P (i)M over the azimuthal angle φ to obtain
∫ dφ
2π
P
(i)M =
H2t
2
23 +H3tt23
t223
, (A.15)
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where the Hi are functions of the zi. After the integration over the azimuthal angle, the
terms proportional to cos2 φ in Eq. (A·10) are absorbed into the other terms. In order to
obtain the decay function J in Eq. (2·19), integration over the variable t23 is performed. We
then obtain
J =
1
4y1
∫ y1t
M20
[
H3
dt23
t23
+H2
dt23
t
]
=
1
4y1
∫ t
M20
H3
dt23
t23
+
1
4y1
H3 log y1
+
1
4
H2 +O
(M20
t
)
. (A.16)
The first term and the other terms in Eq. (A·16) correspond to the contributions of LL order
and NLL order, respectively. The contribution of NLL order is written
1
4y1
H3 log y1 +
1
4
H2 = L
(1)
L log y1 + L
(1)
N , (A.17)
with
L
(1)
L =
1
4y1
H3, L
(1)
N =
1
4
H2. (A.18)
Since the two-body decay function includes O(M20 /t), we do not need this term in the three-
body decay function.
A.2. Calculation of Type [I3] (Interference diagram)
The decay functions for the interference diagrams are free from mass singularities. Here
we construct the condition for these decay function to possess no mass singularity.
We start by constructing the phase space volume element as follows:
dΓ˜ =
π
2
d(~l 21T )d(
~l 22T )dφδ(l
2
3). (A.19)
The new vectors ~l1T and ~l2T are defined as
~h1T = ~l1T ,−
z2
y1
~h1T +
z3
z1y1
~h2T = ~l2T . (A.20)
We find the phase space volume element from Eq. (A·20):
28
dΓ˜ =
π
2
( z3
z1y1
)2
d(~h21T )dφd(
~h22T )δ(l
2
3). (A.21)
The constraint represented by the δ function is expressed as
0 = l23 = z3t−
z3
z1y1
~h21T −
z23
z2z21y1
~h22T . (A.22)
Next, we calculate the term P (i)M in Eq. (2·9). After eliminating t12 using Eq. (2·8),
the general formula for the term P (i)M becomes
P
(i)M =
F1t
2 + F2t13t23 + F3tt13 + F4tt23 + F5t
2
13 + F6t
2
23
t23t13
. (A.23)
We absorb the last two terms into the other terms in Eq. (A·23). The last two terms are
given by
K1 =
∫
dΓ˜
t213
t13t23
=
∫
dΓ˜
t13
t23
(A.24)
and
K2 =
∫
dΓ˜
t223
t13t23
=
∫
dΓ˜
t23
t13
. (A.25)
After z2 in Eq. (A·8) is replaced by z3, the invariant t13 is given by
t13 =
z3
y1
t+
z1z2 − z3
y21
t23 −
2
y1
|~p3T ||~l1T | cosφ. (A.26)
Similarly, z1 in Eq. (A·26) can be replaced by z2. The invariant t23 is given by
t23 =
z3
y2
t+
z1z2 − z3
y22
t13 −
2
y2
|~p3T ||~l2T | cosφ. (A.27)
Using Eqs. (A·26) and (A·27), we obtain the formula for the term P (i)M as
P
(i)M =
∫
dΓ˜
G1t13t23 +G2t
2 +G3tt13 +G4t23t+ (G5t23 +G6t13) cosφ
t13t23
,
(A.28)
where the Gi are functions of the zi. G5 and G6 are functions of ~p3T and ~l1T ,~l2T . The terms
proportional to cosφ can be dropped due to the azimuthal integration.
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The interference term must be free from mass singularities, which may occur at t13 = 0
or t23 = 0. The term G1t13t23 in Eq. (A·28) has no mass singularity. The terms proportional
to G2, G3 and G4 must also be free of mass singularities. Here we present a non-trivial
combination of the functions Gi which results in no mass singularity. The invariants t13 and
t23 are written
t23 =
z3
z21z2
~h22T , (A.29)
t13 =
z3
z1y
2
1
(
~h1T + ~h2T
)2
. (A.30)
Using Eqs. (A·4), (A·29) and (A·30), the formula for the azimuthal integration satisfying
the condition that there be no mass singularity is given by
−2y1z
2
1z2
z23
∫ 2pi
0
dφ
~h22T +
~h1T~h2T
~h22T (
~h1T + ~h2T )2
= −
2y1z
2
1z2
z23
θ(~h22T −
~h21T )
=
∫ 2pi
0
dφ
1
t13t23
(
t−
y1
z3
t13 −
y2
z3
t23
)
, (A.31)
where θ is the step function. The relation between Eq. (A·28) and Eq. (A·31) is given by
G3 = −
y1
z3
G2, G4 = −
y2
z3
G2. (A.32)
Substituting this combination into Eq. (A·28), we have
∫
dΓ˜
[
G1 +G2
t
t13t23
(
t−
y1
z3
t13 −
y2
z3
t23
)]
. (A.33)
Then, the latter integrations can be performed:
K0 =
∫
dΓ˜
t13t23
t13t23
,
K3 =
∫
dΓ˜
t
t13t23
(
t−
y1
z3
t13 −
y2
z3
t23
)
. (A.34)
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The P (i)M term in K0 is independent of the azimuthal angle, while the P
(i)M term in K3
depends on the azimuthal angle. To begin, we integrate the phase space in K0. Substituting
Eq. (A·29) into Eq. (A·21) and integrating over ~h21T , we have
dΓ˜ =
π2z1z2
y1
∫ y1t
0
dt23
dφ
2π
. (A.35)
The region of integration over the invariant t23 is the same as that in Eq. (A·13). We obtain
K0 = π
2z1z2t. (A.36)
Next, we compute K3. The result obtained from integrating K3 over the azimuthal angle
corresponds to the second term in Eq. (A·31). Due to the constraint introduced by the δ
function and the step function [Eqs. (A·22) and (A·31)], the kinematical boundary of K3 is
given by
~h21T≥0→t23 < y1t, (A.37)
~h21T≤
~h22T→
z3
y2
t≤t23. (A.38)
Therefore, the result for K3 is
K3 = −
2π2z1z2
z3
t
∫ y1t
z3
y2
t
dt23
t23
= −
2π2z1z2
z3
t log
y1y2
z3
. (A.39)
Thus, the decay function of Type [I3] is given by
J =
1
4π2z1z2t
(
K0G1 +K3G2
)
=
1
4
G1 −
1
2z3
G2 log
y1y2
z3
, (A.40)
with
I
(3)
L = −
G2
2z3
, I
(3)
N =
G1
4
. (A.41)
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